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A SIMPLIFIED  TECHNIQUE  FOR  PHASE  CONTROL 
OF  CONFORMAL  ARRAYS 


INTRODUCTION 


Conformal-array  antennas  offer  many  advantages  over  conventional  planar  arrays  or 
reflector  antennas.  However,  they  are  more  difficult  to  design  and  implement.  One  of 
the  most  important  problems  is  controlling  the  element  phases  for  beam  steering.  Theo- 
retically, it  is  possible  to  compute  the  phase  distribution  necessary  for  each  element  to 
point  the  beam  in  a required  direction,  but  if  the  required  hardware  or  software  are  dif- 
ficult and  expensive  to  implement,  then  this  distribution  and  theory  have  no  significance. 
The  conformal  arrays  investigated  in  the  past  have  generally  had  simple  shapes,  such  as 
the  cylindrical  and  conical  arrays.  The  techniques  developed  to  control  these  arrays 
depend  on  the  properties  of  their  particular  shapes.  In  this  report,  a simplified  approxi- 
mate technique  is  described  for  use  in  controlling  the  steering  phases  of  conformal  arrays 
un  a general  surface.  The  technique  is  to  divide  the  conformal  array  into  several  sub- 
arrays. By  judiciously  locating  the  elements  on  the  curved  surface,  the  conventional 
row-and-column  phase  setting  car  be  used  within  each  subarray,  although  each  subarray 
requires  an  additional  phase  shift  to  compensate  for  the  phase  difference  caused  by  its 
position  on  the  curved  surface.  However,  this  correction  is  much  simpler  than  that  re- 
quired for  a conventional  conformal  array  in  which  each  element  requires  this  compen- 
sation. Because  of  the  approximate  nature  of  the  technique,  some  phase  errors  are  intro- 
duced. However,  for  a given  array  size  and  shape  of  the  conformal  surface,  the  number 
of  subarrays  can  be  chosen  such  that  the  phase  errors  are  within  a specified  limit.  Ana- 
lytical and  computed  results  (phase  errors,  relative  gain,  and  radiation  patterns)  are 
obtained  for  the  arrays  on  circular  and  parabolic  curves  using  the  technique  described 
here.  The  results  are  compared  with  those  of  the  exact  techniques,  and  they  show  that 
in  many  practical  cases  the  approximate  technique  described  here,  which  simplifies  the 
hardware  and  software  necessary  for  the  phase  control  of  the  conformal  arrays  on  a gen- 
eral surface,  can  be  used  with  negligible  degradation  in  array  performance. 


PHASE  CONTROL  OF  CONFORMAL  ARRAYS 

The  complexity  of  controlling  the  element  phases  to  scan  the  beam  of  a conformal 
phased  array  increases  greatly  as  the  geometry  of  the  conformal  surface  becomes  more 
complex.  The  following  examples  in  two  dimensions  illustrate  the  point. 

The  simplest  case  is  a uniformly  spaced  linear  array  like  that  shown  in  Fig.  1.  The 
phase  needed  at  element  n to  scan  the  beam  to  an  angle  <pu  from  broadside  is  given  by 


= Knd  sin^ 


(1) 


Note:  Manuscript  submitted  December  26,  1974. 
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where 

K = the  free-space  wave  number 
n - the  element  number 
d = interelement  spacing 
>p0  = scan  angle  from  broadside. 


Note,  from  Eq.  (1),  that  the  phase  of  each  succeeding  element  can  be  obtained  by 
adding  Xd  sin«pG  to  the  preceding  element  phase.  Thus,  this  excitation  may  be  imple- 
mented simply  with  a single  adder  at  each  element  and  a generator  for  Kd  sin^,,. 

The  next  level  of  complexity  is  a circular  array  with  uniformly  spaced  elements. 
ih»  a/ray  configuration  is  shown  in  Fig.  2.  The  phase  needed  at  element  n is  given  by 

Pn=KR  cos  £po  - (n  - 1)  (2) 

where 

R — radius  of  curvature  of  the  circular  array 
n = element  number 
*p0  = beam-pointing  direction 
N = total  number  of  elements  in  the  circular  array 
K = free-r.pace  wave  number. 


NRL  REPORT  7856 


Fig.  2 — Geometry  of  a uniformly  spaced  circular  array,  scanned 
to  an  angle  0O 

From  Eq.  (2)  it  is  clear  that  the  nhase  needed  at  each  element  can  be  obtained  only 
by  calculating  cos  [y0  — ( /*  — 1 ) 2 n/N]  for  each  element.  Thus,  there  are  N times  as 
many  calculations  as  in  the  linear-array  case. 

Now,  consider  an  array  on  a general  two-dimensional  curve,  as  shown  in  Fig.  3. 

Let  the  position  of  the  element  n be  given  by  (xn,  yn ).  The  phase  needed  to  scan  the  beam 
to  an  angle  is  given  by 

Pn  = A'  (AT„  cos<p(  - Yn  sitv0)  (3) 


where 


K ~ free-space  wave  number 
>fo  = beam-pointing  direction 
(X„,  Y„)  = position  of  element  n. 

From  Eq.  (3)  it  is  seen  that  the  calculation  of  the  phase  needed  at  each  element  is 
more  complicated  for  a general  conformal  array  than  for  a circular  array,  since  it  in- 
volves the  evaluating  Xn  cos<p0  and  Yn  sin^0  and  adding  them  up  for  each  element. 

The  cost  of  the  hardware  and  software  to  implement  this  configuration  could  make  the 
system  impractical. 


3 


Fig.  3 — Geometry  of  a conformal  array  on  a gen- 
eral surface,  scanned  to  an  angle  0O 


! SIMPLIFIED  PHASE-CONTROL  TECHNIQUE 

| It  has  been  shown  [1]  that  for  a limited  scan  angle  and  for  large  radius  of  curvature 

^ of  conformal  surface,  the  radiation  pattern  may  be  scanned  by  using  the  simple  well- 

known  technique  of  linear  array  phasing  when  the  array  elements  are  judiciously  located 
> on  the  conformal  surface  as  discussed  below. 


Fig,  4 — Geometry  of  a conformal  array  whose  ele- 
ments are  projected  onto  a plane  surface  and  scanned 
to  an  angle  <p0  using  linear  array  phasing 


Consider  a general  two-dimensional  conformal  array,  as  shown  in  Fig.  4,  with  its 
elements  phased  in  such  a way  that  the  wave  emanating  from  the  array  is  a plane  wave 
traveling  in  a given  direction  <pn.  Approximately,  this  can  be  thought  of  as  a projection 
of  the  elements  on  some  plane  surface,  as  shown  in  Fig.  4;  linear  array  phasing  is  then 
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applied  to  the  projected  elements,  If  the  elements  are  located  on  the  conformal  surface 
so  that  they  have  equal  interelement  spacing  in  the  projected  plane,  we  have  an  equiva- 
lent of  t.  uniformly  spaced  linear  array  in  the  projected  plane.  Now,  the  beam  may  be 
scanned  oy  using  the  simple  well-.'' town  technique  of  the  uniformly  spaced  linear  array. 
What  this  approximation  means  is  as  follows:  If  the  element  n is  located  at  (A*J|f  Yn ), 
the  phase  it  needs  to  scan  the  bean,  to  y0  is  approximated  by 

K = X iX„  — Yh  sin^u ) (4) 

instead  of  the  exact  phase  given  by  Eq.  (3).  The  first  term  KX„  in  Eq.  (4)  is  a constant 
phase  (not  dependent  on  scan  angle  <pa)  that  corresponds  to  the  path  length  (shown  as  a 
dotted  line  in  Fig.  4 ) between  the  actual  and  projected  element  positions.  The  second 
term  KYn  sin^„  corresponds  to  the  linear  array  phasing. 

From  Eqs.  (3)  and  (4)  one  can  obtain  the  amount  of  phase  error  introduced  by  the 
approximate  method  in  element  n.  This  is  given  by 

e„  = ~ (in  = KXn  (1  - cos>fi0 ).  (u) 

From  Eq.  (5)  it.  may  be  noted  that  the  phase  error  becomes  zero  when  <p,t  = 0. 

The  pb  se  error  increases  with  an  increase  in  or  A",,.  Therefore,  if  <p0  or  Xn  or  both 
are  small  such  that  e„  is  not  appreciable  (say  less  than  tt/4),  the  approximate  phasing 
can  be  used  with  negligible  degradation  in  array  performance.  However,  in  many  prac- 
tical cases  these  conditions  will  not  be  met.  In  those  cases  it  is  still  possible  to  use  the 
linear  array  approximation  if  the  conformal  array  is  divided  into  several  subarrays,  as 
shown  in  Fig.  5,  and  the  approximation  technique  is  applied  to  individual  subarrays.  The 
effect  of  this  is  to  decrease  phase  errors  e„  by  decreasing  Xn.  Equations  (3),  (4),  and  (5) 
can  be  used  with  each  subarray  if  Xn,  Yn,  and  <p„  are  measured  in  subarray  coordinates. 
In  addition  to  the  element  phases,  an  additional  phase  (which  depends  on  the  scan  angle) 
is  required  in  each  subarray  to  compensate  for  the  phase  difference  caused  by  its  position 
on  the  curved  surface.  However,  this  correction  is  much  simpler  than  that  required  for 
a conventional  conformal  array  in  which  each  element  requires  this  compensation.  To 
obtain  more  insight  into  the  approximate  phasing  technique  and  its  usefulness,  the  next 
section  is  devoted  to  the  application  of  the  technique  to  conformal  arrays  on  circular 
and  parabolic  curves. 


Fig.  5 — Geometry  of  a large  conformal 
array  divided  into  subarrays.  Each  sub- 
array is  scanned  to  obtain  a beam  at  an 
angle  0O  using  linear  array  phasing 
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APFUCAT!  >N  OF  i'AH  SIMPLIFIED  TEChM^VIK 

* 

The  simplified  technique  for  phw^e  ci.nwci  ot  formal  arrays  discusseo  n the  previ 
•.hr  section  is  quite  genei.’l  and  could  o*  uaeo  for  tneys  or?  ar  y conformal  surfato 
However,  with  no  loss  in  generality,  the  te*.»'.»^y>e  Mil  he  applied  hers*  to  conformal 
arrays  on  circular  and  parabolic  curves,  illcstrating  tnc  usefulness  aiiti  th«*  limitations  of 
the  approximate  technique. 


Conformal  Arrays  on  a Cuct’lar  Arc 

To  reduce  back  lobes  and  high  side  lobes  caused  hv  the  directivity  of  individual 
elements,  usually  only  a part  of  the  full  circle  is  activated  at  any  one  time.  Therefore, 
in  what  follows,  it  is  assumed  that  the  active  part  of  the  array  is  on  a circular  arc  with  an 
arc  angle  >fiA  that  is  less  than  or  equal  to  180°.  Let  the  array  be  divided  into  Af  equal 
sul«rrays,  with  sfs  being  the  subarray  arc  angle  that  is  also  equal  to  , /Af,  as  shown  in 
Fig.  6.  The  suliarray  centers  (or  reference  points)  nr^  assumed  to  be  on  the  circular  arc 
and  can  be  shown  to  be  at  the  angles  given  by 

'fm  * (m  “ Y ~ *£-)*>,.  m * 1,  2 Af  (6) 

from  the  array  broadt'de. 


To  obtain  some  insight  into  the  amount  of  element  phase  error  introduced  by  the 
approximate  phasing  and  how  the  phase  errors  depend  on  the  radius  c "urvature  H, 
the  number  of  subarrays  A/,  and  the  total  army  size,  first  consider  a s...*le  suliarray  m 
as  shown  ir.  Fig.  7.  The  suliarray  coordinates  are  represented  by  Xs  and  Y.,  with  the 
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Fiit.  7 Geometry  of  suharray  m srannwl  to  un  uncle 
0,,m  from  its  liroadairit*  direction 


subarray  center  as  the  orient.  The  elements  on  the  sultarray  are  located  so  that  when 
projected  onto  the  Ys  axis  they  have  equal  interelement  s| wing  Wv#,  which  is  assumed 
to  lie  known.  If  ; Xm)  is  the  location  of  element  n whose*  angular  oosiiion  from 
suharray  broadside  is  given  by  , then  the  following  relations  an*  satisfied: 


yx„  = R sin  v Pm 

= H ( \ - cos  |. 


(71 


If  the  suharray  broadside  direction  is  with  respect  to  full  array  reference  coordi- 
nates, as  shown  in  Fig.  7,  then  to  scan  the  complete  array  to  an  angle  means  that  the 
subarray  m should  be  scanned  by  an  angle  ^ — <pm  from  its  broadside.  Therefore, 

the  exact  phase  and  the  approximate  phase  v„mn  needed  at  the  element  n of  the 

sultarray  m to  point  the  beam  to  an  angle  <plt  can  l>e  obtained  from  Bqs.  (3)  and  (4)  by  sub- 
stituting XMI  for  ,Y„,  Ysn  for  V„,  and  ^„m  for  sf,r  They  are  given  by 

turn,,  = KK  [(1  - cos**, ) cos*„w  - sins?*,  sin*((m]  < 8) 

and 

Toma  = KR  0 1 ~ cos*«.  > ~ s‘nv«,  sin*,  „]  . (0) 

The  phase  error  introduced  by  the  approximate  method  in  element  t,  of  the  suharray 
m can  be  obtained  by  taking  the  difference  between  "U^m„  and  v„mfl.  It  is  given  by 


h<is 
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( mi«  ~ ) U )•  (10) 

The  normalized  phase  error  (mn/KH  is  plotted  in  Fig.  8 as  a function  of  <pm  with 
sf,,m  as  a i»arameter.  As  can  be  noted  from  this  figure,  the  normalized  phase  error  in* 
♦•reuses  very  rapidly  as  <fm  and  fom  are  increased.  It  is  instructive  to  note  that  no  phase 
error  is  introduced  in  the  element  located  at  the  center  of  the  subarray,  and  the  error 
increases  as  the  element ’s  angular  position  increases,  the  meximum  error  being  introduced 
in  the  end  elements  of  the  sultarray,  whose  angular  positions  are  given  by  ±<fisN-  Also, 
it  may  Im>  noted  that  the  element  phase  errors  in  the  subarray  are  symmetrical  about  its 
center.  What  this  means  is  that  the  beam-pointing  direction  is  not  affected  by  the  phase 
errors,  but  there  will  b«  some  decrease  in  array  gain  depending  on  the  amount  of  phase 
errors.  However,  there  may  l>e  some  shift  in  the  beam  direction  if  the  array  elements  have 
directive  iwtterns.  This  will  Ik*  discussed  later. 


ELEMENT  POSITION  IN  DEGREES, 

Fi|*.  S — Ph;*M*  error*  in  circular  arc  arrays  when  the  linear  array 
phasinti  method  is  used  for  beam  scanning 


For  the  circular  array  under  consideration,  the  Af  subarrays  are  similar  except  for  their 
angular  jKJsitions  >pm  with  respect  to  the  array  broadside.  Therefore,  Eqs.  (8),  (9),  and  (10) 
can  be  applied  to  all  the  subarrays  by  using  the  correct  value  of  >pm.  From  Eq.  (10)  it  may  be 
noted  that  the  phase  error  in  any  sultarray  depends  not  only  or.  the  element’s  angular  posi- 
tion but  also  on  its  sean  angle  s?tim . The  maximum  phase  phase  error  occurs  in  the  end  ele- 
ments of  the  suiiarray  whose  scan  angle  t pom  is  maximum.  In  reference  to  the  maximum  value 
of  ^ , it  is  proper  to  say  a few  words  on  toe  way  the  circular  array  is  scanned  to  cover  0°  to 
360  . It  was  mentioned  earlier  that  only  a part  of  the  full  circle  is  activated  at  any  one  time, 
and  the  active  |>art  occupies  an  arc  angle  <pA  that  is  divided  into  M subarrays  with  each  sub- 
array  arc  angle  <ps.  These  M subarrays  are  used  to  scran  the  beam  over  an  angular  range  of 


8 


NRL  REPORT  7856 


— yjs/2  'Si pQ%  ¥>s/2,  using  the  approximate  phasing  technique  discussed  earlier.  To  cover 
other  values  of  <p0,  an  appropriate  segment  of  the  circle  should  be  chosen  as  the  active 
part  of  the  array.  For  example,  to  cover  the  scanning  range  <p$i 2 "S  V0  *£  ips,  the  sub- 
array 1 is  switched  off,  and  the  subarray  M+l  is  switched  on.  ."ote  that  the  maximum 
value  of  i i fiom  I = I v?0  — I corresponds  to  the  subarrays  farthest  from  the  center  of  the 
active  part  of  the  array.  It  can  be  shown  very  easily  that 


The  maximum  value  of  <psn  corresponds  to  the  end  elements  of  each  subarray  and 
is  equal  to  (Vs/2)  = (<pA/2M).  Thus, 

1 'fisn  1 max  = &M.  (12) 

Substituting  the  maximum  values  for  i psn  and  <pom  from  Eqs.  (11)  and  (12)  into 
Eq.  (10),  one  obtains  the  maximum  element  error  when  the  approximate  phasing  technique 
is  used.  This  is  given  by 


■ KR  (x  ~ cos  sir)  (' " C0!  t)- 


It  should  be  clear  that  this  maximum  phase  error  is  introduced  only  in  the  end 
elements  of  the  subarrays  that  are  farthest  from  the  array  center  when  the  beam  is 
scanned  to  ±<ps/ 2 from  the  array  broadside.  For  the  other  elements  in  these  subarrays 
and  for  all  the  elements  in  the  other  subarrays  the  phase  errors  are  smaller  than  emax. 

Several  interesting  results  can  be  obtained  by  using  Eq.  (13).  The  first  result  is  to 
find  the  maximum  subarray  size  Ls  (arc  length  jRi£s)  that  can  be  used  for  given  values  of 
R and  *pA  such  that  the  maximum  phase  error  emax  will  not  exceed  a specified  value. 
Equation  (13)  can  be  rewritten  as 

t'max  = KR  [1  - cos  (LS/2R)]  [l  - cos  i#A  /2)J  . (14) 

Solving  equation  (14)  for  Ls  gives 

Ls  = 4 R sin- 1 { j/emax/2  KR  [l  - cos  (<pA  /2)]  ) . (15) 

In  antenna  theory  [2]  and  practice  a phase  error  of  n/4  (corresponding  to  a path 
length  error  of  A/8)  is  considered  to  be  acceptable.  Our  results,  given  later  in  the  report, 
prove  this  to  be  true.  Substituting  emax/K  = A/8  in  Eq.  (15)  gives 


Ls  = 4 R sin  1 


4V(*/A)  [1  - cos  0^/2)] 


(16a) 
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If  (R/M  [1  — co  (i pA  /2)]  'S  1,  which  is  satisfied  in  many  cases  of  interest,  Ls  can 
be  approximated  by 

Ls**yR>] 2 / sin  (<pA/4).  (16b) 

From  Eq.  (16b)  note  that  the  maximum  subarray  is  proportional  to  the  square  root  of  the 
radius  of  curvature  for  a given  array  arc  angle  ipA . As  shown  in  Fig.  9,  the  subarray  size  Ls  is 
plotted  as  a function  of  R with  <t>A  as  a parameter,  using  Eq.  (16b).  If  R and  *pA  are  known, 
the  curves  in  Fig.  9 can  be  used  to  find  the  maximum  subarray  size  that  can  be  used  to  limit 
the  maximum  phase  errors  to  45°  or  less. 


Fig.  9 — Maximum  subarray  size  as  a function  of  radius  of  curvature 
and  arc  angle  for  maximum  path-length  error  of  X/8 


Equation  (13)  can  also  be  used  to  obtain  the  relation  between  the  minimum  number 
of  subarrays  needed  as  a function  of  R and  the  array  size  (specified  by  arc  angle  <pA  or 
arc  length  hA  - R<pA ) such  that  the  maximum  phase  error  emax  will  not  exceed  a speci- 
fied value.  Equation  (13)  can  be  rewritten  as 

Si"2  (S)  = (W/2^)/[l-cos(^/2)].  (17) 
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First  taking  a square  root  and  then  the  sine  inverse  on  both  sides  of  Eq.  (17)  readily 
shows  that 


M = 


4 sin  1 { / emax/2 KR  [1  — cos  (<pA  /2j|} . 


For  (emax/K)  = \/8,  F*.  (18)  becomes 


M = &*-■ 


(18) 


(19a) 


4 sin-1  {1/4  sin  (^/4)}' 

Using  the  same  approximation  as  used  in  obtaining  Eq.  (16b),  one  obtains 

M <pA^2R  sin  (<pA  /4)  . (19b) 


Equations  (19a)  and  (19b)  are  used  to  plot  the  number  of  subarrays  M as  a function 
of  R with  i pA  as  a parameter.  The  number  M is  plotted  in  Fig.  10.  As  can  be  noted 
from  this  figure,  the  value  of  M needed  increases  with  the  increase  in  R for  a given 
ifiA  and  increases  with  \pA  for  a given  value  of  R.  These  curves  can  be  Used  to  find  the 
minimum  number  of  subarrays  into  which  the  active  part  of  the  array  is  to  be  divided 
such  that  the  maximum  phase  error  emax  will  not  exceed  45°  for  a given  array  size 
specified  by  R and  >pA . 


Fig.  10  — Number  of  subarrays  as  a function  of  radius  of  curvature 
and  array  arc  angle  for  a maximum  path-length  error  of  X/8 
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When  the  array  size  is  specified  by  the  arc  length  LA  = R<pA  instead  of  arc  angle 
<fA , M can  be  expressed  as  a function  of  LA  znd  R by  replacing  <pA  by  LA  /R  in  Eq.  (19a) 
and  (19b)  as  shown  in  Eqs.  (20a)  and  (20b): 


1 

sin-1  {1/4  y^  sin  (LA/4R)\ 


M 


La  ft 
Yr 


sin  ( La  /4ft)  . 


(20a) 

(20b) 


The  number  of  subarrays  M as  a function  of  R with  LA  as  parameter  is  plotted  in 
Fig.  11.  From  this  figure  it  can  be  noted  that  the  number  of  subarrays  needed  decreases 
with  increase  in  R for  a given  value  of  LA . This  is  intuitively  obvious,  because  as  R is 
increased,  keeping  LA  constant,  the  curved  surface  becomes  more  and  more  flat  and 
coinciues  with  a linear  array  as  ft  -*■  <*>. 


Fig.  11  — Number  of  subarrays  as  a function  of  radius  of  curvature  and 
array  arc  length  for  a maximum  path-length  error  of  X/8 


So  far  the  discussion  has  been  concentrated  on  the  element  phase  errors  introduced 
by  the  approximate  phasing  technique  and  on  how  these  phase  errors  are  reduced  by 
increasing  the  number  of  subarrays  into  which  the  conformal  array  is  divided.  Also, 
methods  have  been  discussed  for  finding  the  minimum  number  of  subarrays  (or  maximum 
subarray  size),  when  the  radius  of  curvature  and  the  size  of  the  conformal  array  are 
given,  such  that  the  maximum  element  phase  error  does  not  exceed  a specified  value. 
Now,  it  is  of  interest  to  formulate  the  expressions  for  radiation  patterns  using  exact  and 
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approximate  phasing,  so  as  to  assess  the  effect  of  phase  errors  on  the  radiation  patterns 
and  the  relative  gains. 

Equation  (8)  gives  the  expression  for  the  correct  element  phases  necer^ary  in  subarray 
m to  scan  the  beam  to  an  angle  <pQ  from  the  array  broadside.  The  reference  point  of 
these  phases  is  the  subarray  center.  To  add  the  contributions  of  all  the  subarrays,  it  is 
convenient  if  the  reference  point  is  moved  to  the  center  of  the  circle.  Thus,  if  the  center 
of  the  circle  is  referenced,  the  correct  element  phases  are  given  by 

%>mn  = $ omn  ER  cos  <£om.  (21) 

Substituting  the  value  of  \pomn  fiom  Eq.  (8)  into  Eq.  (21),  one  obtains 

Town  * ~KR  cos  (Vo  -Vm-Vsn)  • <22> 

Since  + <psn  represents  the  angular  position  of  element  n in  subarray  m,  measured 
from  the  broadside  direction  of  the  circular  array,  the  expression  given  in  Eq.  (22)  coin- 
cides with  the  well-known  result  [3]  of  the  circular  array  element  phase  necessary  to 
scan  the  beam  to  an  angle  <pQ.  If  the  nth  element  pattern  in  subarray  m is  given  by 
Emn(<p),  then  the  radiation  pattern  of  subarray  m is  given  by 


where 


Fm=^  Emn  <*>  +7°m"  > 


= KR  cos  (v>  - ¥>m  - y?s„) 


Since  the  reference  point  is  the  same  for  all  the  subarrays,  the  radiation  pattern 
of  an  active  circular  arc  array  composed  of  M subarrays  can  be  obtained  by  simply 
adding  all  the  subarray  patterns  and  is  given  by 


m 

■2'-- 


E (<p)JKR  [c°S 


m = 1 n=  1 


If  exactly  the  same  procedure  is  used,  the  radiation  pattem_can  be  formulated  when 
the  approximate  phasing  is  used  by  simply  replacing  with  $omn  in  Eq.  (21)  and 

following  the  same  steps  used  in  obtaining  Eq.  (25).  If  F(ip)  represents  the  radiation  pattern 
obtained  by  using  approximate  phasing,  it  is  given  by 


M N 

F(ip)  = ^ ^ Emn  (*>)  [TO*  + 

m ■ 1 ncl  (26) 


13 


&ili  iu^juko.'  lUvi 


RAO  AND  HSIAO 


A computer  program  was  developed  to  obtain  the  radiation  patterns  by  using  Eqs.  (25) 
and  (26).  A circular  arc  array  with  an  arc  angle  <pA  = 90°  and  a radius  of  curvature 
R ~ 12X  is  taken  as  an  example.  For  this  example,  note  from  Fig.  10  that  the  number  of 
subarrays  M = 3,  indicating  that  the  array  should  be  divided  into  at  least  three  subarrays 
to  use  the  approximate  phasing  method  such  that  the  maximum  phase  error  will  be  less 
then  45°  (path  length  error  of  X/8).  However,  to  show  clearly  the  effectiveness  of  re- 
ducing the  phase  errors  by  increasing  the  number  of  subarrays,  the  computed  results 
wili  be  given  when  the  array  is  divided  into  1,  ?,  and  then  3 subarrays.  In  all  the  cases 
considered,  the  element  pattern  is  assumed  to  be  a cosine  function  with  the  peak  of  its 
pattern  directed  along  the  surface  normal,  where  the  element  is  located.  For  the  circular 
array  under  consideration,  the  element  pattern  maximum  will  be  in  the  radial  direction. 
Thus,  the  element  pattern  is  given  by 

Em,M  = COS  (V?  — V?m  — *»,)  • (27) 

The  number  of  elements  and  the  element  locations  are  determined  in  the  following 
manner.  Knowing  she  arc  angle  of  the  subarray  and  the  radius  of  curvature,  the  projec- 
tion of  the  subarray  on  the  ys  axis  (see  Fig.  7)  is  given  by  Lp  = 2 R sin  («ps/2)  = 21? 
sin  (\p  A /2M),  where  A is  obtained  from  the  relation  2R  sin  (tp'A 12)  = 2 R sin  (*pA  /2)  + 0.5X. 
If  Lp  is  known,  the  number  of  elements  JV  can  be  chosen  such  that  the  interelement 
spacing  Dys  = Lp/N  is  around  0.5X.  This  procedure  allows  the  end  elements  to  be  lo- 
cated at  a distance  Dys/2  from  the  subarray  endpoints  and  eliminates  the  possibility  of 
locating  the  end  elements  of  neighboring  subarrays  on  top  of  each  other.  Once  Dys  is 
known,  the  nth  element  position  Ysn can  be  found.  Then,  from  Eq.  (7),  the  angular 
position  <pm  can  be  found. 

For  M = 1,  \pA  = 90°,  and  R = 12X,  the  number  of  elements,  N is  35,  and  the 
interelement  spacing  Dys  = 0.499X.  The  computed  radiation  patterns  are  shown  in  Fig.  12a 
to  12g  for  several  scan  angles  using  correct  and  approximate  phase  steering.  Note  that 
as  the  scan  angle  is  increased  the  radiation  patterns  obtained  by  the  approximate  phase 
steering  deteriorate,  and  tne  beam-pointing  direction  deviates  from  that  of  the  patterns 
obtained  with  the  correct  phase  steering.  The  reason  for  these  effects  is  that  the  maximum 
phase  error  is  45°  at  a 17.5°  scan  angle  and  increases  rapidly  with  the  increase  in  scan 
angle.  These  phase  errors  decrease  if  the  array  is  divided  into  several  subarrays. 

For  M = 2,  >pA  = 90°,  and  R = 12X,  the  number  of  elements  in  each  subarray  is 
given  by  N = 19,  and  the  projected  interelement  spacing  Dyg  = 0.5X.  The  tota'  number 
of  elements  ir.  the  two  subarrays  is  38.  For  M = 3,  \pA  = 90°,  and  R = 12X,  the  number 
of  elements  in  each  subarray  is  given  by  N = 13,  and  the  projected  interelement  spacing 
is  given  by  Dys  = 0.495X.  The  total  number  of  elements  in  the  three  subarrays  is  given 
by  39.  Note  that  the  number  of  elements  needed  is  increased  slightly  with  M because 
the  total  projected  aperture  increases  with  M.  For  M large,  the  projected  aperture  ap- 
proaches the  value  R<pA . The  radiation  patterns  for  the  cases  of  M = 2 and  3 are  shown 
in  Figs.  13a-13f  and  14a-14f,  respectively.  From  these  figures  it  may  be  noted  that,  when 
M is  increased  to  three,  the  radiation  patterns  obtained  by  approximate  phase  steering 
are  quite  close  to  those  obtained  by  correct  phase  steering  even  for  scan  angles  as  large 
as  60°.  The  decrease  in  phase  errors  and  the  corresponding  improvement  in  array  per- 
formance as  the  number  of  subarrays  M is  increased  from  one  to  three  can  be  seen  more 
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clearly  from  the  gain  loss  curves  shown  in  Fig.  15.  In  the  actual  implementation,  the 
active  part  of  the  array  is  scorned  to  only  2 (<fs  = the  subarray  arc  angle)  and  the 
proper  subarrays  are  switched  on  and  off  to  cover  the  scanning  range  of  0°  to  360°. 

When  this  switching  and  scanning  of  the  subarrays  is  used,  the  loss  in  gain  of  the  conformal 
array  due  to  approximate  phase  steering  is  as  shown  in  Fig.  16  for  M = 1,  2,  and  3.  As 
may  be  seen  clearly,  the  array  performance  is  improved  considerably  as  M is  increased 
from  1 to  3. 


*•  h 
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»HMM  WITH  CORRECT  PHASE  STEERING 
WITH  APPROXIMATE  PHASE  STEEFING 


Fig.  12a  — Broadside  radiation  patterns  of  a circular  arc  array,  arc  angle 
04  = 90°,  and  radius  of  curvature  R • 12\ 
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Fig.  12b  — Radiation  patterns  of  a circular  arc  array  scanned  to  10' 
arc  angle  <j>^  = 90°,  and  radius  of  curvature  R « 12X 
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Fig.  12c  — Radiation  patterns  of  a circular  arc  array  scanned  to  20' 
arc  angle  <$>a  = 90°,  and  radius  of  curvature  R = 12X 


Fi^.  12d  — Radiation  patterns  of  a circular  arc  array  scanned  to  30' 
arc  angle  0^  = 90°,  and  radius  of  curvature  R = 12X 


Fig.  I2e  — Radiation  patterns  of  a circular  arc  array  scanned  to  40°, 
arc  angle  0^  = 90°,  and  radius  of  curvature  R = 12X 
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* *■"  « with  correct  phase  steering 
WITH  APPROXIMATE  PHASE  STEERING 


Fiy.  13a  — Broadside  radiations  patterns  of  a circular  arc  array  divided 
into  two  subarrays,  arc  angle  0^  =»  90°,  and  radius  of  curvature  R « 12X 
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Fig.  13b  Radiation  patterns  of  a circular  arc  array  divided  into  two  sub- 
arrays and  scanned  to  10  , arc  angle  0*  * 90  , and  radius  of  curvature 
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Fig.  13c  — Radiation  patterns  of  a circular  arc  array  divided  into  two  sub- 
arrayi  and  scanned  to  20" , arc  angle  <j>A  * 90%  and  radius  of  curvature 
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Fig.  13d  — Radiation  patterns  of  a circular  arc  array  divided  into  two  sub- 
arrays  and  scanned  to  25%  arc  angle  <pA  - 90°,  and  radius  of  curvature 
R - 12X 
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Fiji.  13*  — Radiation  pattern*  of  a circular  arc  array  divided  into  two  sub- 
array* and  scanned  to  40” , arc  angle  0^  » 90  , and  radius  of  curvature 

« « 12X 


Fig.  1 3f  — Radiation  patterns  of  a circular  arc  array  divided  into  two  sub- 
arrays and  scanned  to  60" , arc  angle  0a  ” 90" , and  radius  of  curvature 

R » 12X 
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Pig.  14b  — Radiation  patterns  of  a circular  arc  array  divided  into 
three  subarrays  and  scanned  to  10°,  arc  angle  0^  » 90°,  and  radius 
of  curvature  ft  « 12X 
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Fig.  14c  — Radiation  patterns  of  a circular  arc  array  divided  into 
three  subarrays  and  scanned  to  15°,  arc  angle  0^  = 90°,  and  radius 
of  curvature  R = 12\ 
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Fig.  14d  — Radiation  patterns  of  a circular  arc  array  divided  into 
three  subarrays  and  scanned  to  20° , arc  angle  0^  = 90° , and  radius 
of  curvature  R * 12\ 
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ANGLE  FROM  BROADS  I DE (DEGREES) 

Fig.  14e  — Radiation  patterns  of  a circular  arc  array  divided  into 
three  subarrays  and  scanned  to  40°,  arc  angle  <p*  = 90°,  and  radius 
of  curvature  if  = 12X 
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Fig,  14f  — Radiation  patterns  of  a circular  arc  array  divided  into 
three  subarrays  and  scanned  to  60°,  arc  angle  = 90°,  and  radius 
of  curvature  if  = 12\ 
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Fig.  16  — Loss  in  gain  in  a circular  array  due  to  phase  errors  introduced  by  sim- 
plified phase  steering  along  with  subarray  switching  to  cover  360°  scanning 
range;  active  arc  angle  (j)^  = 90°  and  radius  of  curvature  R = 12X 
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Conformal  Arrays  on  a Parabolic  Arc 

Conformal  arrays  on  a parabolic  arc  are  considered  as  a second  example  in  applying 
simplified  phase  control.  The  array  under  consideration  is  shown  in  Fig.  17.  The  para- 
bolic curve  is  defined  by  the  equation 


= AfX 


(28) 


where  f is  the  focal  length  of  the  parabola. 


Even  though  the  principle  of  applying  the  simplified  phasing  technique  to  a para- 
bolic arc  array  is  simple  and  straightforward,  the  general  analytical  treatment  given  to  a 
circular  array  that  is  divided  into  M subarrays  cannot  be  extended  to  the  parabolic  arc 
array,  since  the  circular  symmetry  no  longer  exists.  Therefore,  the  parabolic  arc  array  is 
treated  separately  when  it  is  divided  into  one  or  two  subarrays,  respectively. 

Figure  17  is  applicable  when  the  parabolic  arc  is  considered  as  one  subarray.  If  the 
element  locations  are  given  by  (.Y„,  Yn)  on  the  parabolic  arc,  thou  the  correct  and  approx- 
imate element  phases  needed  to  scan  the  beam  to  an  angle  y?0  from  broadside  are  given 
by  Eqs.  (3)  and  (4).  If  En(\ p)  is  the  nth  element  pattern,  the  array  patterns  F(ip)  and  F(y?) 
obtained  by  using  correct  and  approximate  phasing,  respectively,  are  given  by 

N 

En  (<p)  (cosv’-cosiPo)-y„  (sin*-sin*0  )]  (29) 

n=—N 
N 

F{<P)  = En  (<P)  JK  (COS''5~1)~y"  (stov’-sin*)].  (30) 

n— — N 
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In  Eqs.  (29)  and  (30)  it  is  assumed  that  there  is  an  odd  number  of  elements  in  the 
array,  given  by  21V  + 1.  Similar  equations  can  be  obtained  if  there  is  an  even  number  of 
elements  in  the  array.  Now,  the  problem  is  to  find  Yn>  Xh,  and  En  (y?)  for  the  parabolic 
array  under  consideration.  Yn  can  be  looked  at  as  the  projected  element  location  on  the 
Y axis.  Therefore,  the  Yn  values  are  chosen  such  that  the  projected  interelement  spacing 
is  a constant  (say  Dy).  In  other  words,  IVn  — Yn^l  I = Dy.  By  substituting  Yn  for  V 
in  Eq.  (28),  one  can  obtain  the  value  of  Xn.  Therefore, 

Yn  = nDy 


and 


Xn  = V/4/=  n*Dy*Hf  . (31) 

As  in  the  case  of  the  circular  array,  we  assume  that  the  element  pattern  is  a cosine 
function  with  its  peak  value  directed  normal  to  the  conformal  surface,  where  the  element 
is  located.  For  the  parabolic  arc  the  element  pattern  becomes 

En  (ifi)  = cos  (<p  — an)  (32) 


where 

an  = tan-1  ( Yn  /2f)  = tan'1  (nDy/2f). 

Knowing  the  array  parameters  Dy,  N,  and  f,  one  can  find  Yn,  Xn,  and  En  (<p)  using 
Eqs.  (31)  and  (32)  and  substitute  them  in  Eqs.  (29)  and  (30)  to  find  the  radiation  patterns. 
In  addition,  if  the  values  of  Xn  are  known,  Eq.  (5)  can  be  used  to  estimate  the  element 
phase  errors  introduced  by  the  simplified  technique.  If  the  maximum  phase  error  exceeds 
a specified  value,  the  array  must  be  divided  into  subarrays  before  applying  the  simplified 
technique.  The  analytical  treatment  of  dividing  the  parabolic  array  into  several  subarrays 
becomes  very  complicated  and  will  not  be  undertaken.  However,  dividing  the  array  into 
two  subarrays  will  be  formulated  to  show  the  effectiveness  of  subdividing  the  arrays. 

Figure  18  shows  the  parabolic  array  divided  into  two  subarrays.  The  projected 
aperture  of  the  array  on  the  Y axis  is  assumed  known  and  is  given  by  2YA.  The  array 
coordinates  are  given  by  X and  Y.  A coordinate  system  for  one  of  the  subarray  coor- 
dinates is  given  by  Xs  and  Ys,  as  shown  in  Fig.  18.  It  can  be  seen  from  this  figure  that 
the  subarray  origin  is  at  (X',  V')  in  the  X,  Y coordinate  system,  with  Y'  = YA  /2  and 
X'  = Y'  tana,  where  a is  the  angle  between  the  broadside  directions  of  the  parabolic 
array  and  subarray,  as  shown  if  Fig.  18.  It  is  given  by  tana  = Y'  /2f.  The  projected 
aperture  of  the  subarray  on  the  Ys  axis  is  given  by  YA  /cosa.  If  Ns  is  the  number  of  ele 
ments  in  the  subarray,  then  the  elements  are  located  on  the  subarray  so  that  they  have 
equal  interelement  spacing,  given  by  Ds  = (YA  /cosa)/Ns.  The  reason  for  dividing  by 
Ns  rather  than  Ns—  1 is  to  locate  the  end  elements  at  DJ 2 from  the  subarray  endpoints 
rather  than  at  the  endpoints,  as  shown  in  Fig.  18.  This  procedure  eliminates  the  possi- 
bility of  locating  the  end  elements  of  the  two  subarrays  on  top  of  one  another.  If 
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Fit>.  18  — Geometry  of  a conformal  array  on  a parabolic 
curve,  divided  into  two  subarrays 


Ds  and  Ns  are  known,  it  is  fairly  straightforward  to  determine  y the  Ys  coordinate 
of  the  nth  element  in  the  subarray.  If  Ysn  is  known,  the  Xs  coordinate  of  the  nth  element 
Xsn  can  be  found  (see  Appendix  A)  and  is  given  by 


If  the  subarray  element  locations  (V,,,,  Xm)  are  known,  the  required  phases  to  steer 
the  beam  to  an  angle  <pa  from  array  broadside  (angle  pa  - cv  from  subarray  broadside) 
can  be  obtained  from  Eqs.  (3)  and  (4)  by  substituting  Xm  for  Xn,  Ysn  for  Yn,  and 
‘Pol  - Po  a for  <pa.  Therefore,  the  correct  and  approximate  patterns  of  subarray  1 
with  its  origin  as  the  reference  point  are  given  by 


N 

Esl  = \ Enl  (if)  e?K  («*»-cos#01)-y,n  (sin*>-sin*ol)] 


(34) 


and 
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Where,  Enl  is  the  pattern  of  the  nth  element  in  subarray  1 and  is  given  by 

Enl  (*>  = cos  (*>  ~an)  * (36) 


where 


«„  = tan”1  (Yn/2f) 

(37) 

Yn  - Y'  + Ym  cos  q — Xsn  sina  . 

Note  that  subarray  2 is  the  mirror  image  of  subarray  1 with  respect  to  the  X axis. 
St  is  not  difficult  to  show  that  the  correct  and  approximate  patterns  of  subarray  2 with 
its  origin  as  the  reference  point  are  given  by 


N. 


= 


s2  _ 7 an2 


E„0  (v?)  e,K  (c“^COV»'^V«  (sin^— sin^rt2 )] 


(38) 


N. 


£s2  = ^ En 2 (*)  JK  CX«  <cos^_1)+y.s»  <*i*-«in*0l>] 

n^l 


(39) 


where 

En 2 = cos  + otn) 
^02  = Vo  + a 


(40) 

(41) 


and  a„  is  given  by  Eq.  (37). 

To  obtain  the  parabolic  array  pattern  in  the  X,  Y coordinate  system,  we  add  the  sub- 
array patterns  vectorially,  with  the  midpoint  of  the  two  subarray  centers  as  the  reference 
point.  These  patterns  are  given  by 


and 


F(<p)  = Esl  ejKr  Es2  e~JKY'  <*.*-*>*,) 


(42) 


F(<p)  = E JKV>  -JKY'  (sin*-sin*0) 


(43) 
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where  F(<p)  and  F(\p)  are  the  correct  and  approximate  parabolic  array  patterns  when  the 
array  is  divided  into  two  subarrays. 

A parabolic  arc  array  with  f = 4X  and  the  F-axis  projected  aperture  of  9X  is  consid- 
ered as  a numerical  example.  If  the  array  is  approximated  by  a single  subarray,  the 
projected  interelement  spacing  Dy  - 0.5X,  the  number  of  elements  in  the  array  2N  + 1 = 19, 
and  the  element  locations  are  defined  by  Eq.  (31).  Correct  and  approximate  radiation 
patterns  are  computed  using  Eqs.  (29)  and  (30)  and  are  shown  in  Pigs.  19a  to  19g.  From 
these  fig  jres  it  may  be  noted  that  the  patterns  obtained  by  approximate  phase  steering 
deteriorate  as  the  scan  angle  is  increased  above  30°,  and  the  beam-pointing  direction 
deviates  more  and  more  from  those  patterns  obtained  by  using  correct  steering  phase 
as  the  scan  angle  is  increased.  The  reason  for  this  is  that  for  this  example  the  maximum 
phase  error  is  45°  if  the  scan  angle  is  25.7°,  and  it  increases  as  the  scan  angle  increases. 

It  will  be  shown  iater  that  there  is  a corresponding  loss  in  array  gain.  Therefore,  if  the 
array  needs  to  be  scanned  to  more  than  30°  from  broadside,  the  array  should  be  divided 
into  subarrays.  The  radiation  patterns  are  computed  from  Eqs.  (42)  and  (43)  when  the 
array  is  divided  into  two  subarrays  and  are  shown  in  Figs.  20a-20g  for  several  scan 
angles.  As  can  be  seen  from  these  figures,  the  array  patterns  with  approximate  phase 
steering  coincide  very  closely  with  those  obtained  by  using  correct  phase  steering.  The 
decrease  in  phase  errors  and  the  corresponding  improvement  in  array  performance  when 
the  array  is  divided  into  two  subarrays  can  be  seen  more  clearly  from  the  gain  loss  curves 
shown  in  Fig.  21. 
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Fig.  19a  — Broadside  radiation  patterns  of  a 19-element  array  on  a para- 
bolic arc:  projected  aperture  on  V axis,  9,oX;  focal  length  of  the  para- 

bola, f = 4X 
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Fig.  19b  — Radiation  pattern  of  a 13-element  array  on  a parabolic  arc, 
scanned  to  10°  from  broadside:  projected  aperture  on  Y axis,  9.0X;  fo- 

cal length  of  the  parabola,  f = 4X 
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Fig.  19c  — Radiation  patterns  of  a 19-element  array  on  a parabolic  arc, 
scanned  to  20°  from  broadside:  projected  aperture  on  Y axis,  9.0X;  fo- 

cal length  of  the  parabola,  f = 4X 


RAO  AND  HSIAO 


i 


:■  i 

i » ■«  w -X  WITH  CORRECT  PHASE  STEERING 
WITH  APPROXIMATE  PHASE  STEERING 


Fig.  19d  — Radiation  patterns  of  a 19-element  array  on  a parabolic  arc, 
scanned  to  30°  from  broadside:  projected  aperture  on  V axis,  9.0X;  fo- 

cal length  of  the  parabola,  / = 4X 
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Fig.  19e  — Radiation  patterns  of  a 19-element  array  on  a parabolic  arc, 
scanned  to  4G°  from  broadside:  projected  aperture  on  V axU,  9.0X;  fo- 

cal length  of  the  parabola,  f = 4X 
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n innm  WITH  CORRECT  PHASE  STEERING 
: WITH  APPROXIMATE  PHASE  STEERING 
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Fig.  19f  — Radiation  patterns  of  a 19-element  array  on  a parabolic  arc, 
scanned  to  50u  from  broadside:  projected  aperture  on  V axis,  9, OX;  fo- 
cal length  of  the  parabola,  f * 4X 


Fig,  19g  — Radiation  patterns  of  a 19-element  array  on  a parabolic  arc, 
scanned  to  60°  from  broadside:  projected  aperture  on  V axis,  9.0X;  fo- 
cal length  of  the  parabola,  f = 4X 
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WITH  CORRECT  PHASE  STEERING 
WITH  APPROXIMATE  PHASE  STEERING 


Fig.  20a  — Broadside  radiation  patterns  of  an  array  on  a parabolic  arc, 
divided  into  two  subarrays:  10  elements  in  each  aubarray;  projected  aper- 
ture on  V’  axis,  9.0X;  focal  length  of  the  parabola,  f • 4X 


Fig.  20b  — Radiation  patterns  of  cn  array  on  a parabolic  arc,  divided  into 
two  subarrays  and  scanned  to  10°:  10  elements  in  each  subarray;  pro- 
jected aperture  on  Y axis,  9.0X;  focal  length  of  the  parabola,  f » 4X 
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Fig.  20c  — Radiation  patterns  of  an  array  on  a parabolic  arc,  divided  into 
two  subarrays  and  scanned  to  20'  : 10  elements  in  each  subarray;  pro- 
jected aperture  on  V axis,  9.0X;  focal  length  of  the  parabola,  f * 4X 
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Fig,  20d  — Radiation  patterns  of  an  array  on  a parabolic  arc,  divided  into 
two  subarrays  and  scanned  to  30  : 10  elements  in  each  subarray;  pro- 
jected aperture  on  Y axis,  9.0X;  focal  length  of  the  parabola,  f ” 4X 
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Fig.  20g  — Radiation  patterns  of  an  array  on  a parabolic  arc,  divided  into 
two  t-.’barrajs  and  scanned  to  60°:  10  elements  in  each  suLarray:  pro- 
jected aperture  on  Y axis,  9.0X;  focal  length  of  the  parabola,  f - 4\ 


Fig.  21  Loss  in  gain  in  a parabolic  arc  array  du«  to  phase  errors  introduced  by 
simplified  phase  steering  when  the  array  is  divided  into  M subarrays:  projected 
aperture  on  Y axis,  9.0X;  focal  length  of  the  parabola,  f - 4X 
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CONCLUSIONS 

In  this  report,  we  have  presented  an  approximate  technique  that  simplifies  the  hard- 
ware and  software  necessary  for  phase  control  of  conformal  arrays  on  a general  surface. 
Analytical  and  computed  results  are  presented  for  the  tecnique  as  applied  to  arrays  on 
circular  and  parabolic  curves.  The  results  show  that  in  many  practical  cases  the  approxi- 
mate technique  can  be  used  with  negligible  degradation  in  array  performance. 
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Appendix  A 

DETERMINATION  OF  SUBARRAY  ELEMENT  COORDINATES 


In  Fig.  Al,  note  that  to  obtain  an  equation  of  the  parabolic  curve  in  the  subarray 
coordinate  system  it  is  first  necessary  to  translate  the  origin  to  ( X Y')  and  then  ro- 
tate the  coordinates  by  an  angle  a.  These  coordinate  transformations  result  in  the  re- 
lations 

X = Xs  cosa  — Ys  sina  + X'  (Al) 

and 

Y = Xs  sina  + Ys  - Y'  . (A2) 


Fig.  Al  — Geometry  of  a conformal  array  on  a parabolic 
curve,  divided  into  two  subarrays 


Substituting  these  relations  for  X and  Y in  the  equation  defining.the  curve  ( Y2  = 4 fx) 
and  rearranging  the  terms,  we  obtain  tile  following  equation  for  the  parabola: 

(2  y 4F  \ Y 2 

— 1 - —2 — rr  Y°2  cos2“  ~ 7~V = 0 ■ (A3) 

tana  tan^a  cosJa/  4 sinza 
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If  ysn  is  the  Ys  coordinate  of  the  nth  element  in  the  subarray,  the  Xa  coordinate 
Xsn  of  this  element  can  be  obtained  by  solving  Eq.  (A3)  for  Xs  by  substituting  Ys  = Ysn. 
Only  one  of  the  two  solutions  is  the  correct  value,  given  by  (Eq.  (33)  in  text) 


*«- 


tana 


2 sin3a 


Ujjl 

*A 


cosa 


(A4) 
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